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Abstract
For a connected graph G, the restricted edge-connectivity p(G) is deﬁned as the minimum
cardinality of an edge-cut over all edge-cuts S such that each component ofG− S contains at least p
vertices.
In the present paper we introduce the more general parameter qp(G) deﬁned as the minimum
cardinality of an edge-cut over all edge-cuts S such that one component of G − S contains at least
p vertices and another component of G − S contains at least q vertices where p and q are positive
integers.
Analogously, we deﬁne qp(G) as the minimum cardinality of a vertex-cut over all vertex-cuts
such that one component of G − S contains at least p vertices and another component of G − S
contains at least q vertices. A connected graph G is qp-connected (qp-connected), if qp(G) (qp(G))
is well-deﬁned.
First we give useful equivalences to qp-connectivity and 
q
p-connectivity and characterize the
classes of graphs which are 21-connected and 
3
1-connected. Then we prove 
p
1 (G)
p
p(G) which
generalizes Whitney’s well-known inequality (G)(G). Finally, we characterize the class of
graphs for which 21(G) is minimum, i.e. 
2
1(G)= (G) and the class of graphs for which 21(G) is
maximum, i.e. 21(G)= |V (G)| − 3 or 21(G)= 22(G).
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1. Introduction
For graph-theoretical terminology and notation not deﬁned here we refer the reader to
Chartrand and Lesniak [2]. We consider ﬁnite, undirected and simple graphs G with vertex
set V (G) and edge set E(G). For a vertex v ∈ V (G), the open neighborhood N(v) of v is
the set of all vertices adjacent to v and the closed neighborhood of v is N [v] =N(v)∪ {v}.
Furthermore, N(A) =⋃a∈AN(a)\A and N [A] = N(A) ∪ A for a subset A of V (G). For
two vertex sets X, Y ⊆ V (G) let [X, Y ] be the set of edges with one endpoint in X and one
endpoint in Y. For A ⊆ V (G) let G[A] be the subgraph induced by A and for any graph H
a graph G is H-free if G does not contain the graph H as an induced subgraph. Let Kn be
the complete graph of order n andKm,n be the complete bipartite graph with partite sets of
cardinality m and n. A star is a complete bipartite graph K1,m.
An edge-cut (vertex-cut) of a connected graph G is a set of edges (vertices) whose
removal disconnectsG. If |V (G)|2, then the edge connectivity (G) ofG is the minimum
cardinality of an edge-cut of G and if G is non-complete, then the vertex connectivity (G)
of G is the minimum cardinality of a vertex-cut of G. In 1932 Whitney [10] proved that
(G)(G)(G)
for every non-complete connected graph G with |V (G)|2 where (G) is the minimum
degree of G.
A graph G is called super-, if every edge-cut S with |S| = (G) consists of the set of
edges incident with a vertex of minimum degree. Similarly, a graph G is called super-, if
every vertex-cut S with |S| = (G) consists of the neighborhood of a vertex of minimum
degree.
In 1983, Harary [6] proposed the concept of conditional edge (vertex)-connectivity. The
P-edge (P-vertex)-connectivity (G, P ) ((G, P )) of a connected graph G equals the min-
imum cardinality of a set S of edges (vertices) such that G − S is disconnected and every
component of G− S has a given property P .
Inspired byWhitney’s inequality, Harary asked in [6] if for any graphical property P and
any graph G the inequality
(G, P )(G, P )
is true. Example 4.2 in Section 4 shows that this inequality is not valid for every property
P . To our best knowledge this is the ﬁrst (negative) answer to Hararys question.
For p ∈ N= {1, 2, . . .} and a connected graph G Bonsma et al. [1] and Meng and Ji [9]
deﬁned the restricted edge-connectivity p(G) as the minimum cardinality of an edge-cut
over all edge-cuts S of G such that each component of G− S contains at least p vertices.
Hereby is to remark, thatG−S has exactly two components for each minimum restricted
edge-cut, and thus the parameter p(G) can also deﬁned as the minimum cardinality of an
edge-cut over all edge-cuts S of G such that G− S contains two components with at least
p vertices.
Besides the classical edge-connectivity (G), the parameter 2(G) recently received
much attention (cf. e.g. [3,4,7,8,11,12]) as a measure of fault-tolerance of networks. For
more references and motivating remarks we refer the reader to the cited articles.
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In order to ﬁnd a suitable deﬁnition for the restricted vertex-connectivity, we have to
notice that G − S can consist of more than two components for a minimum vertex-cut S.
Since components (except two components) which do not satisfy a given property can be
removed by adding them to the vertex-cut, it makes sense to give properties only for two
components.
Hence we are going to generalize the above-mentioned conditional connectivity as fol-
lows.
Deﬁnition 1.1. Let P1, P2 be graphical properties. The parameter (G, P1, P2)
((G, P1, P2)) of a connected graph G equals the minimum cardinality of a set S of
edges (vertices) such that one component of G − S has property P1 and another one has
property P2.
In this article, we will consider the special case that one component should contain at
least p vertices and another one at least q vertices.
Deﬁnition 1.2. Let p, q, r ∈ N and let G be a connected graph. Furthermore, Pr denotes
the property that a graph contains at least r vertices. An edge-cut (vertex-cut) S of G is
a p-q-edge-cut (p-q-vertex-cut), if one component of G − S has property Pp and another
component of G − S has property Pq . G is called qp-connected (qp-connected), if a p-q-
edge-cut (p-q-vertex-cut) exists.
The p-q-restricted edge-connectivity (p-q-restricted vertex-connectivity) qp(G) (qp(G))
of a qp-connected (qp-connected) graph G is the minimum cardinality of a p-q-edge-cut
(p-q-vertex-cut) ofG. (Hence, it yields qp(G)=(G, Pp, Pq) and qp(G)=(G, Pp, Pq).)
A p-q-edge-cut (p-q-vertex-cut) S ofG is called aminimum p-q-edge-cut (p-q-vertex-cut)
or a qp-cut (qp-cut), if |S| = qp(G) (|S| = qp(G)).
Remark 1.1. For ﬁxed p and q one can easily determine the values of p,q(G) and p,q(G)
for some graph G in polynomial time by contracting all choices of disjoint vertex sets of
cardinalities p and q that induce connected subgraphs of G and determining minimum sets
of edges/vertices that separate the two vertices created by the contractions which can clearly
be done using max-ﬂow algorithms.
We collect some simple observations.
Observation 1.1. Let G be a connected graph and p, q, r, s ∈ N with rp and sq.
(a) If |V (G)|2, then 11(G)= (G).
(b) If G is non-complete, then 11(G)= (G).
(c) If S is a qp-cut of G, then G− S has exactly two components.
(d) G is not super- if and only if (G)= 21(G)= 22(G).
(e) G is not super- if and only if (G)= 21(G)= 22(G).
(f) If G is qp-connected, then G is sr -connected and sr (G)qp(G).
(g) IfG is qp-connected, thenG is sr -connected and sr (G)qp(G) |V (G)|− (p+q).
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(h) If S is a qp-cut of G, then G− S can contain more than two components.
(i) LetPp be the property that a graph contains at leastp vertices.Thenpp(G)(G, Pp)
and p(G)= pp(G)= (G, Pp).
Proof. The statements (a)–(h) follow easily from the deﬁnitions.
(i) Each vertex-cut S with the property that each component ofG− S contains at least p
vertices is a p-p-vertex-cut and thus pp(G)(G, Pp).
By Observation 1.1(c), the parameters p(G), pp(G) and (G, P2) are equal. 
2. Characterization of qp-connected graphs
Theorem 2.1. Let G be a connected graph and p, q ∈ N. The graph G is qp-connected if
and only if there exist two disjoint vertex sets X, Y ⊆ V (G) such that G[X] and G[Y ] are
connected, |X|p and |Y |q.
Proof. Let G be a qp-connected graph and let S be a 
q
p-cut of G. The graph G − S
consists of two components such that one component contains at least p vertices and
the other component contains at least q vertices. Hence for the vertex sets X and Y of
the two components of G − S the graphs G[X] and G[Y ] are connected, |X|p and
|Y |q.
Now if X, Y ⊆ V (G) are as in the statement of the theorem, then E(G)\(E(G[X]) ∪
E(G[Y ])) is a p-q-edge-cut and the proof is complete. 
The special case p = q of Theorem 2.1 was proved by Bonsma et al. in [1]. We present
two related results.
Proposition 2.1. A connected graph G with |V (G)|5 is not 32-connected if and only if
G is a star.
Proof. Obviously, the star is not 32-connected.
Now, ifGwith |V (G)|5 is not a star, then there are two disjoint edges uv, u′v′ ∈ E(G),
i.e. {u, v} ∩ {u′, v′} = ∅. Since G is connected and |V (G)|5, we can assume without loss
of generality that vw ∈ E(G) for some w ∈ V (G)\{u, v, u′, v′} and E(G)\{uv, u′v′, vw}
is a 2-3-edge-cut. 
The22-connected and
3
3-connected graphswere characterized in [3] and [1], respectively.
Proposition 2.2. A connected graphG is p1 -connected for all p ∈ N with p |V (G)|− 1
and p1 (G)(G), where (G) is the maximum degree of G.
Proof. If u is a vertex of degree 1 in a spanning tree of G, then G[{u}] and G[V (G)\{u}]
are connected. Furthermore, the set of at most(G) edges incident with u is a 1-p-edge-cut.

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3. Characterization of qp-connected graphs
Theorem 3.1. LetG be a connected graph and p, q ∈ N. The graphG is qp-connected if
and only if there exist two disjoint vertex sets X, Y ⊆ V (G) such that
(a) [X, Y ] = ∅,
(b) |X|p and |Y |q and
(c) G[X] and G[Y ] are connected.
Proof. If G is qp-connected, then there exists a qp-cut S such that one component C1 of
G− S contains at least p vertices and another component C2 of G− S contains at least q
vertices. If X= V (C1) and Y = V (C2), then the conditions (a), (b) and (c) obviously hold.
Conversely, ifX andY are as in the statement of the theorem, thenN(X) is a p-q-vertex-cut
and hence G is qp-connected. 
We will now give characterizations of the 21-connected and 31-connected graphs.
Proposition 3.1. Let G be a connected graph with |V (G)|4. The graph G is not 21-
connected if and only if G is a complete multipartite graph.
Proof. We consider the following equivalences:
G is not 21(G)-connected⇔ {u, v} ∩N(w) = ∅ for each edge e = uv ∈ E(G) and each vertex w ∈ V (G),
⇔ G¯ contains no induced K1,2,
⇔ all components of G¯ are complete,
⇔ G is a complete multipartite graph. 
Proposition 3.2. Let G be a connected graph with |V (G)|5. The graph G is not 31-
connected if and only if the complement G¯ ofG is claw-free and paw-free (cf. Fig. 1) if and
only if each component H of the complement G¯ satisﬁes
(a) |V (H)|3 or
(b) H is a path or
(c) H is a cycle or
(d) H is a complete multipartite graph where each partite set contains at most two vertices.
Proof. We consider the following equivalences:
Fig. 1.
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G is not 31(G)-connected⇔ each vertex v ∈ V (G) is adjacent to at least one vertex of every connected subgraph
induced by three vertices a, b, c = v,
⇔ G¯ is claw-free and paw-free.
The rest of the statement follows from an explicit characterization of claw- and paw-free
graphs given by Faudree et al. in [5]. 
4. The inequality p1 (G)
p
p(G)
Theorem 4.1. If G is a p1 -connected and pp-connected graph, then
p1 (G)
p
p(G).
Proof. SinceG ispp-connected, there is a setX ⊆ V (G) such that for X¯=V (G)\Xwehave
that |X|, |X¯|p,G[X] andG[X¯] are connected and pp(G)=|[X, X¯]|. LetX0=X\N(X¯)
and X¯0 = X¯\N(X).
Case 1: X0 = ∅ or X¯0 = ∅.
Without loss of generality we assumeX0 = ∅. The setX\X0 is a 1-p-vertex-cut and thus
p1 (G) |X\X0|pp(G), since each vertex in X\X0 is incident with at least one edge of
[X, X¯].
Case 2: X0, X¯0 = ∅.
SinceG is p1 -connected, there is a vertex setU ⊆ V (G) and a vertex v ∈ V (G)\U such
that [{v}, U ]=∅, |U |p andG[U ] is connected.Without loss of generality we assume v ∈
X.The setN(v)of neighbors ofv is a 1-p-vertex-cut and thusp1 (G) |N(v)|=|N(v)∩X|+|N(v)∩X¯| |X|−1+|N(v)∩X¯|. For pp(G)we obtain pp(G) |X|−1+|N(v)∩X¯|, since
each vertex in X\{v} is incident with at least one edge of [X, X¯]. Hence p1 (G)pp(G).

By Observation 1.1, the special case p= 1 of Theorem 4.1 implies Whitney’s inequality
(G)(G) [10] for every connected non-complete graphGwith |V (G)|2. In this sense
Theorem 4.1 is a generalization of this inequality.
The following example shows that the inequality p1 (G)
p
p(G) is best possible in the
sense that p1 (G)
p
p−1(G) is not always true.
Example 4.1. Let Hi be a copy of the complete graph Kp−1 for i = 1, 2, . . . , m where
m>p + 1 and let H be a copy of the complete graph Kp. We deﬁne the vertex set of the
graph G as the disjoint union of the vertex sets ofH1, H2, . . . , Hm and H together with one
additional vertex v. Apart from the edges in the Hi’s and H, we join all vertices of Hi for
i = 1, 2, . . . , m with all vertices of H and with the vertex v by a new edge.
It is easy to see that
⋃m
i=1 V (Hi) is the unique 1-p-vertex-cut of G. Furthermore,[V (H1), V (H) ∪ {v}] is a (p − 1)-p-edge-cut. Hence pp−1(G)(p − 1)(p + 1)< (p −
1)m= p1 (G).
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The following example shows that p2 (G)
s
r (G) with 2pr, s and r + s |V (G)|
is not always true.
Example 4.2. Let r, s ∈ Nwith r > 8 and s2. Let X be a complete bipartite graphK3,r−5
with partite sets {xi : i = 2, 3, . . . , r − 4} and {a, b, c} and let Y be a complete bipartite
graph K2,s−2 with partite sets {yi : i = 1, 2, . . . , s − 2} and {u, v}.
We deﬁne the vertex set of the graphG as the disjoint union of the vertex sets ofX andY to-
gether with two additional vertices x1 and xr−3.The edge set ofG contains the edge sets ofX
andY and the edges x1a, x1b, xr−3b, xr−3c, ba, bc and uv. Furthermore we join the vertices
a, b and c with u and v by a new edge. It is easy to see that sr (G) |[{a, b, c}, {u, v}]| = 6.
The unique possibility for a 2-2-vertex-cut is to disconnect the edges x1a and xr−3c. This
requires the removal of the vertices u, v, b and xi for i = 2, . . . , r − 4, which implies
22(G)= r − 2> 6, and hence 22(G)> sr (G).
If P2 denotes the property that a graph contains at least two vertices, then we know by
Observation 1.1(i) that 22(G)(G, P2) and 22(G)= (G, P2). Thus (G, P )(G, P )
is not true for any property P, since the graph G in Example 4.2 satisﬁes
(G, P2)22(G)> sr (G)22(G)= (G, P2).
5. Properties of 21(G)
Let G be a 21-connected graph. It follows from Propositions 2.1 and 3.1 that G is also
22-connected.
Observation 1.1 andTheorem 4.1 imply (G)21(G) |V (G)|−3 and 21(G)22(G).
In this section we will characterize the extremal graphs for these three inequalities.
By Observation 1.1(e), if (G)< (G), then G is not super- and thus 21(G) = (G).
Furthermore, if (G) = (G) and there is a vertex u ∈ V (G) with d(u) = (G) such
that V (G)\N [u] is not an independent set, then N(u) is a 1-2-vertex-cut of G and thus
21(G)= (G). These observations motivate the following decomposition of the graph:
Deﬁnition 5.1. Let G be a 21-connected graph. Let 0 = 0 and let
(G)= 12 · · · l = (G)
be such that
{1, 2, . . . , l} = {d(u) : u ∈ V (G)}.
Let 0 i l − 1 be maximum such that for every vertex u ∈ V (G) with d(u)i the
set V (G)\N [u] is an independent set of vertices. Note that i is well-deﬁned, since G is
21-connected. Let
V = {u ∈ V (G) : d(u)i} and V> = V (G)\V .
Note that the partition V (G) = V ∪ V> can easily be found in polynomial time for a
given 21-connected graph G.
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Fig. 2.
Theorem 5.1. Let G be a 21-connected graph.
(a) G[V ] is a complete multipartite graph and uv ∈ E(G) for every u ∈ V and every
v ∈ V> (cf. Fig. 2),
(b) every 1-2-vertex-cut contains V ,
(c) 21(G)= |V | + 21(G[V>]) and 21(G[V>])= (G[V>]).
Proof. (a) If u and v are two non-adjacent vertices in V , then v ∈ V (G)\N [u], u ∈
V (G)\N [v] and the sets V (G)\N [u] and V (G)\N [v] are independent. Hence N(u) ⊆
N(v) and N(v) ⊆ N(u) which implies N(u)= N(v). This easily implies that G[V ] is a
complete multipartite graph.
If uv /∈E(G) for some u ∈ V and some v ∈ V>, then d(u)< d(v) implies that
N(v)\N(u) = ∅. This implies the contradiction that V (G)\N [u] is not independent.
(b) Let S be a 1-2-vertex-cut. We assume VS. If V> ⊆ S, then G − S is either a
connected multipartite graph or all components of G − S are isolated vertices. If V>S,
then G− S is connected. This contradicts the choice of S and proves (b).
(c) Let S be a 1-2-vertex-cut. By (b), S> = S\V is a 1-2-vertex-cut of G[V>].
Conversely, if S> is a 1-2-vertex-cut ofG[V>], then S = S> ∪ V is a 1-2-vertex-cut of
G. This implies 21(G) = |V | + 21(G[V>]). Now the remarks just before Deﬁnition 5.1
imply 21(G[V>])= (G[V>]) and the proof is complete. 
Corollary 5.1. If G is a 21-connected graph, then 21(G) = (G) if and only if (G) =|V | + (G[V>]).
We now turn our attention to the inequality 21(G) |V (G)| − 3.
Theorem 5.2. LetG be a 21-connected graph. The graphG satisﬁes 21(G)= |V (G)| − 3
if and only if each component of the complement G¯ of G is either a complete graph or a
path or a cycle with at least 5 vertices.
A. Hellwig et al. / Discrete Mathematics 292 (2005) 55–65 63
Proof. First, we assume that 21(G)= |V (G)| − 3. By Theorem 5.1, we have (G[V>])=|V>|−3.ByWhitney’s inequality, this implies(G[V>]) |V>|−3andhence(G¯[V>])2.
Therefore, all components of G¯[V>] are either paths or cycles. If G¯[V>] has a component
H which is a cycle with four vertices, then V (G)\V (H) is a 1-2-vertex-cut of cardinality
|V (G)| − 4 which is a contradiction. By Theorem 5.1, this easily implies the ﬁrst half of
the theorem.
Now, let each component of G¯ be either a complete graph or a path or a cycle with at
least 5 vertices. Let S be a 21-cut of G. Let uv be an edge in a component ofG− S and let
w be a vertex in another component of G − S. If |S| |V (G)| − 4, then there is a vertex
x ∈ V (G)\({u, v,w} ∪ S). It follows easily from the structure of G¯ that w ∈ N(x) and
N(x)∩{u, v} = ∅which is a contradiction. Hence |S|=21(G)=|V (G)|−3 and the proof
is complete. 
Corollary 5.2. LetG be a 21-connected graph. The graphG satisﬁes 21(G)=|V (G)|−3
if and only if the complement G¯ of G is claw-, paw-, diamond- and C4-free (cf. Fig. 1).
Proof. Using Theorem 5.2 this follows easily from the explicit characterization of claw-
and paw-free graphs given by Faudree et al. in [5]. 
The following theorem will allow us to characterize the 21-connected graphs G with
21(G)= 22(G).
Theorem 5.3. Let G be a 21-connected graph such that V = ∅. Then either 22(G)
|V (G)| − 2 or 22(G)− 21(G) |V |. In both cases, 21(G)< 22(G).
Proof. Let S be a 21-cut of G and let
=min{|N({a, b}) ∩ V>| : ab ∈ E(G[V>])}.
If ab ∈ E(G[V>]) is an edge in a component of G − S, then N({a, b}) is a 1-2-vertex-
cut of G and thus |V (G)| − |N({a, b})| = |V>| − |N({a, b}) ∩ V>|2 + 1 = 3. Hence
 |N({a, b})∩V>| |V>|−3. Now let ab ∈ E(G[V>]) be such that =|N({a, b})∩V>|.
Since |V>\N({a, b})| |{a, b}| + 1= 3, the set N({a, b}) is a 1-2-vertex-cut and thus
21(G) |N({a, b})| = |V | + |N({a, b}) ∩ V>| = |V | + .
We will now prove that for every pair of edges ea=a1a2 and eb=b1b2 ofGwith {a1, a2}∩
{b1, b2} = ∅ there are at least
min{|V (G)| − 2, + 2|V |},
edge-disjoint paths between {a1, a2} and {b1, b2}. This implies 22(G) min{|V (G)| −
2,  + 2|V |} and we obtain the conclusion that either 22(G) |V (G)| − 2 or 22(G) −
21(G) |V |.
We differentiate six cases according to the relative position of the two edges.
Case 1: a1, a2, b1, b2 ∈ V>.
64 A. Hellwig et al. / Discrete Mathematics 292 (2005) 55–65
By the deﬁnition of , there are sets
Na,b ⊆ V> ∩N({a1, a2}) ∩N({b1, b2}),
Na ⊆ V> ∩ (N({a1, a2})\N({b1, b2}))
and
Nb ⊆ V> ∩ (N({b1, b2})\N({a1, a2}))
such that |Na| + |Na,b| = |Nb| + |Na,b| = .
We will enumerate +2|V | paths between {a1, a2} and {b1, b2}. It is easy to check that
all enumerated paths can be chosen to be edge-disjoint.
There are |Na,b| paths of the form axb for a ∈ {a1, a2}, x ∈ Na,b and b ∈ {b1, b2}. There
are max{|N(a) ∩ {b1, b2}|, |N(b) ∩ {a1, a2}|} paths of the form ab for a ∈ {a1, a2} and
b ∈ {b1, b2}. There are |N(a)| − max{|N(a) ∩ {b1, b2}|, |N(b) ∩ {a1, a2}|} paths of the
form axyzb for a ∈ {a1, a2}, x ∈ Na , y ∈ V , z ∈ Nb and b ∈ {b1, b2}. There are |V |
paths of the form a1xb1 for x ∈ V . Finally, there are |V | paths of the form a2xb2 for
x ∈ V .
Case 2: a1 ∈ V and a2, b1, b2 ∈ V>.
Let Nb ⊆ N({b1, b2}) ∩ V> be such that |Nb| = . We will enumerate min{|V (G)| −
2, + 2|V |} edge-disjoint paths between {a1, a2} and {b1, b2} as in Case 1.
There are  paths of the form a1xb for x ∈ Nb and b ∈ {b1, b2}. There are two paths
a1b1 and a1b2. There are |V | − 1 paths of the form a2xb1 for x ∈ V \{a1}. There are
min{|V | − 1, |V>| − ( + 3)} paths of the form a1xyb2 for x ∈ V>\({a2, b1, b2} ∪ Nb)
and y ∈ V \{a1}.
Case 3: a1, a2 ∈ V and b1, b2 ∈ V>.
LetNb ⊆ N({b1, b2})∩V>with |Nb|=.Wewill enumeratemin{|V (G)|+, +2|V |}
edge-disjoint paths between {a1, a2} and {b1, b2} as in Case 1.
There are four paths a1b1, a1b2, a2b1 and a2b2. There are  paths of the form a1xb for
x ∈ Nb and b ∈ {b1, b2}. There are |V | − 2 paths of the form axb1 for a ∈ {a1, a2} and
x ∈ V \{a1, a2}. There are min{|V | − 2, |V>| − 2} paths of the form a2xyb2, where
x ∈ V>\{b1, b2} and y ∈ V \{a1, a2}.
Case 4: a1, b1 ∈ V and a2, b2 ∈ V>.
We will enumerate |V (G)| − 2 edge-disjoint paths between {a1, a2} and {b1, b2} as in
Case 1.
There are two paths a1b2 and b1a2. There are |V | − 2 paths of the form a2xb2 for
x ∈ V \{a1, b1}. There are |V>| − 2 paths of the form a1xb1 for x ∈ V>\{a2, b2}.
Case 5: a1, a2, b1 ∈ V and b2 ∈ V>.
We will enumerate |V (G)| − 2 edge-disjoint paths between {a1, a2} and {b1, b2} as in
Case 1.
There are two paths a1b2 and a2b2. There are |V>| − 1 paths of the form a1xb1 for
x ∈ V>\{b2}. There are |V | − 3 paths of the form axb2 for a ∈ {a1, a2} and x ∈
V \{a1, a2, b1}.
Case 6: a1, a2, b1, b2 ∈ V .
We will enumerate |V (G)| + |V>| − 2 edge-disjoint paths between {a1, a2} and {b1, b2}
as in Case 1.
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There are two paths of the form ab for a ∈ {a1, a2} and b ∈ {b1, b2}. There are |V>|
paths of the form a1xb1 for x ∈ V>. There are |V>| paths of the form a2xb2 for x ∈ V>.
There are |V | − 4 paths of the form axb for a ∈ {a1, a2}, x ∈ V \{a1, a2, b1, b2} and
b ∈ {b1, b2}. This last case completes the proof. 
Corollary 5.3. Let G be a 21-connected graph. The graph G satisﬁes 21(G) = 22(G) if
and only if (G)= (G), V = ∅ and G is not super-.
Proof. First, we assume that 21(G)= 22(G). Theorem 5.3 implies V = ∅ and hence, by
Theorem 5.1, 21(G)=(G)=22(G). This implies (G)=(G)=22(G). By Observation
1.1, G is not super-.
Conversely, if (G)= (G), V = ∅ and G is not super-, then the above results imply
21(G)= 21(G[V>])= (G[V>])= (G)= (G)= 22(G). 
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